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AHAJTIMTNYHECKWE PELLEHWA
HENMMHENHBIX 3A0AY TEMNOMPOBOAHOCTU

KaHg. TexH. Hayk BOHOAPEB B. A.

Benopycckunii HauMoHaNbHbI TEXHUYECKUIA YHUBEPCUTET

MpefcTaBneHHble B HACTOSLLENA CTaTbe PELLEHMs HecTalMOHapHbIX 3aad
TENMONPOBOAHOCTM MOMyYeHbl C MOMOLLBIO MaTeMATUYECKMX (YHKLWIA, KOTO-
pble Y0BNETBOPSIOT HENMMHEHOMY YPaBHEHUIO TEM/IONPOBOAHOCTY

cp 6" = (A6 (1)

rae 6 — Temnepatypa; ¢ — TENJIOEMKOCTb; P — NMAOTHOCTb; A — KO3((ULMEHT Ten-
NOMPOBOLHOCTU; X — KOOPAMHATA; T — BPEMS.

PacueTbl MpoLeccoB nepeHoca TeMnoTbl C WUCMonb3oBaHWeM (1) TpebytoT
pa3paboTKM METOLOB PELLUEHMS 3TOr0 ypaBHEHUs, TaK Kak [0 HacTOALLero spe-
MeHM (3nMyeckn 060CHOBaHHbIE METOfb!, NPUIOAHbIE ANA PeLleHus 3ajad C
CWNbHOW HENIMHENHOCTLIO, He HalfeHbl. Takme pacyeTbl HEOOXO4UMbI NPU pas-
paboTKe TEXHO/IOrMYEeCKMX NPOLLECCOB, B KOTOPbIX KO3((ULMEHTLI Tenonpo-
BOZHOCTW 3HAYMTENIbHO 3aBWUCAT OT Temrepartypbl. B 3agayax TensonpoBoAHO-
CTU HeNVHelHble ypaBHEHMS MOTYT TakKXe WCMOo/b30BaTbCs MpW ONpeaeneHum
FPaHNYHbIX YCMOBWIA, HaNpuUMep B C/lyyae Tens006MeHa W3fyyYeHWeM Ha Mno-
BEPXHOCTW.

®YHKUMW, NPUTOAHbIE ANS TaKUX pacyeToB, Briepsble Onpese/ieHbl aBTOPOM
[NA peLleHns ypaBHeHNsa andigysnm [1]. Tak Kak TennonpoBogHOCTb U Auddy-
31A NpuUMeceli B TBepbIX Tenax OMnuCbIBAtOTCSA MOA06HbIMU AndhepeHLmasb-
HbIMW YPaBHEHUAMMU, 3TN (DYHKLMWU MOTYT ObITb TaKXXe UCMO/Mb30BaHbI B aHaNu-
TUYECKMX peLleHunax anddepeHumansHoro ypasHeHus (1).

AHa/In3 MoKasbIBaeT, YTO B HACTOsLLEe BPeMS Takue aHaIMTUYeCKue pelue-
HWA — eIMHCTBEHHbIE COOTHOLLEHWSA, MPUTOAHbIE A1 PACYETOB MPOLIECCOB Ter-
NOMPOBOAHOCTU, KOTOPbIE OMNUCHIBAIOTCSH YPaBHEHWAMUN C CUMbHOW HEeNMHERHO-
CTbi0. po6nema COCTOMT B TOM, YTO YWC/IEHHbIE PA3HOCTHbIE CXEMbI MOTYyT
MPUMEHATLCA B TakKMX pacyeTax, e€C/ CYLLECTBYHOT CTpPOrve Jokas3aTe/bCTBa
CXOAMMOCTU 3TUX CXEM K peLleHnsM ypaBHeHWs (1). VI3BeCTHbI MOMbITKY JoKa-
3aTb CXO4MMOCTb Pa3HOCTHbLIX arOPUTMOB A/ 3TOr0 YPaBHEHWS TO/MbKO B He-
KOTOpbIX MPOCTbIX 3afadax [2]. Hanpumep, NOMbITKN [OKa3aTb Takyl CXOAW-
MOCTb A1 TPEXMEPHbIX HeNIMHENHbIX 3afay [0 HaCTOALLEro BPeMeHW OKasblBa-
toTCS 6Ge3ycneLlHbIMMN.

B TO e Bpems, Kak NoKasblBalT pacyeTbl, CyLLeCTBYIOLLME Pa3HOCTHbIe asl-
rOpUTMbl BOOGLLIE HE UMEIOT CXOAMMOCTM K PeLUeHMAM HelMHeVHbIX 3a4a4, YTo
MPVBOANT K OYeHb GOMbLUMM HapyLueHusaM 6anaHca TensoTsl. MpoBepka cXo-
AVMOCTU TakuX a/IrOpUTMOB CBUAETE/ILCTBYET O TOM, YTO Pe3y/ibTarbl, Mony-
YeHHbIE Pa3INYHbIMK MeTodamu, MoryT oTamnyatbes Ha 80...90 % wn 6onee [3].
Mpn 3TOM YMCNEHHble anropuTMbl He COZePXaT (U3UYECKUX YCMIOBUIA AN
onpefeneHnsa pesynbTaToB, ABNAIOLLMXCA NPaBWIbHbIMU. DTO 03HAYaeT, YTO
Takue anropuTMbl NPUBOLAT K 3HAUYNTENIbHBIM MPOW3BO/IbHBIM HapYLLEHUAM 3a-
KOHa COXPaHeHWUs 3Hepruu, 1 NO3TOMY OHW, C TOYKM 3PEHNs (DU3NKM, OKasblBa-
tOTCA HENpPUEM/IEMbIMU.
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Mpwn peweHnn ypaBHeHWs (1) aHaIMTUYECKUMW METOLaMMN CNeLyeT YUnTbi-
BaTb, UTO 3TO BbIPAKEHVE SBMSETCS YpaBHEHWeM GanaHca TennoTbl. PacyeTbl
MOKasblBatOT, YTO MCMO/b30BaHKE HEKOTOPbIX (IM3NYECKN 060CHOBAHHBIX METO-
[0B MPOBEPKM 3TOr0 6asiaHca AaeT BO3MOXHOCTb MOYYNTb aHAIMTUYECKUE pe-
WweHus ypaBHeHUst (1). Mogo6Hble MeTOAbI MOTYT 6bITb UCMO/b30BaHbI /15 pac-
4eTOB MPOLLECCOB NMPY MePeMEHHbIX KO3(MLMEHTaX TEMMONPOBOAHOCTM A W
APYTUX YCNOBWSIX, KOTOPbIE NPUBOASAT K HENIMHENHbIM 3afajyam.

YpaBHeHve (1) yunTbIBaeT U3MEHEHWE BHYTPEHHEN 3Heprum cph’; B HEKOTO-
POM 06LEMHOM 3/1IEMEHTE B 3aBUCMMOCTW OT M3MEHEHUs TEMOBOr0 NOTOKa ( B
OKPECTHOCTSX TOUKM X. BenmumHa noToka ¢ MOXET 6bITb BblYMC/IEHA C MOMO-
LLb0 OCHOBHOTO 3aKOHa TEMI0NPOBOAHOCTY

q=- A8, (2

KOTOpbIA yCTaHOB/IEH MyTeM 0606LLEeHNS 3KCMEPUMEHTOB 1 ONpesenseT Benu-
YMHY NOTOKA TENNOTbl g B 3aBUCUMOCTU OT rpagveHTa Temnepatypsl 6'y. B co-
OTBETCTBMM C 3aKOHOM COXPaHEeHWsi SHEPrnM yBeNNYeHNe BHYTPEHHEN 3Heprun
CPB'; HEKOTOPOro 06BLEMHOrO 3/IEMEHTA PaBHO YMEHbLUEHWIO NOTOKA TennoThl
—Q'y B HanpaBneHun xcpB'; = —q'y. MNMoAcTaHOBKA B 3TO YpaBHEHWe GanaHca Ter-
NOTbl NPOW3BOAHON 'y, NOMYYEHHOW M3 COOTHOLUEHWA (2), NPUBOANT K Henu-
HEMHOMY ypaBHEHMIO TennonpoBoAHOCTM (1), KOTOpPOe BbINOMHAETCH NpW pas-
JIMYHBIX U3MEHeHMAX 3HaKoB 6'; n 6'y. MNMpon3sogHasn 0’y YMCNEHHO paBHa CKOPO-
CTV U3MeHeHUA TemnepaTypbl B B TOUKE X.

Mpn paccCMOTPEHHbIX YCNOBUAX B COOTBETCTBUM C 3aKOHOM COXPaHeHWs
3HEPrnM 3HayeHue Temnepatypbl 6, B TOYKE X B MOMEHT BPEMEHU T, MOXET
ObITb BbIYMCNEHO MHTETPUPOBAHNEM MPON3BOAHOM 0';

0,=0,+(cp)™ je;dr . ©)

T

TaKoi pacyeT cnegyeT BbIMOHATL C MOMOLLbIO PyHKUMA U = U(X, T), ygo-
B/IETBOPAIOLMX HENIMHENHOMY YpaBHEHWUIO TennonpoBogHocTn (1), Tak Kak B
3TOM cfyyae TennoBo 6anaHc (1) BbIMOMHSAETCA NPY BCEX 3HAYEHUAX X U T.
dyHkumn U(X, T) Takke LO/MKHbI YA0BMETBOPATb HaYa/lbHbIM U FPaHUYHbIM
YCM0BMSIM B [aHHOM 3afaye. B cnyyae Bblibopa (hyHKLMIA C TaKMK CBOMCTBAMU
BblpakeHue (3) SABASETCA WMHTErpaibHbIM peLleHVeM HeNMHENHOro ypaBHe-
Hus (1).

Mpwn pelleHnn HeNMHERHOTO YpaBHEHNSA TenonpoBogHOCTY (1) aHannTUYe-
CKMMW MeTofaMn OCHOBHas TPYZAHOCTb COCTOMT B TOM, YTO [0 HACTOSALLEro
BPEMEHW MOMbITKN HANTN PYHKLMK, YA0BNETBOPSAIOLLME 3TOMY YPaBHEHWIO, Obl-
Nn 6e3pe3ynbTaTHbIMU. B TO XKe Bpems pacyeTbl 1 UCCef0BaHUA aBTopa Moka-
3bIBAlOT, UYTO A1 MHOTMMX HeNNHEVHbIX 3afay BbIOOp TakuX (HYHKLUMIA MOXeT
ObITb BbINOSIHEH U3 (IU3NYECKMX YC/TOBUIA.

PyHKuMM U(X, T), KOTOpble YAOBNETBOPAIOT ypaBHeHUtO (1), MoryT ObiTb
onpeseneHbl crefyowmm o6pa3om. PacCMOTpUM 13MeHeHWe TemmepaTypbl 6 3a
eMHMLY BpemeHN B'; B HEKOTOPOW TOUKe X . Mpwn 3TOM 3Ha4YeHUs 6'; BbIYUCIAEM
¢ nomouibto (1). MpeanonaraeTcs, YTO KOIPMULUMEHTbI TENOMNPOBOAHOCTU A
onpefeneHbl 3KCMepUMEHTaIbHO Kak HeKoTopble (YHKUMW Temnepatypbl 6
A =A(0).
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AnhdepeHLMpoBaHe HeNMHENHOro ypaBHeHNs (2) AN HecTauMoHapHOro
TensioBOro noToka

q'x = _)\e"xx - )\’xe'x (4)

MOKa3blBaeT, YTO M3MEHEeHMe NOTOoKa TensoThl g’y = —CpO’; 06yCnoBNMBAIOT ABa
cnaraembix. @yHKUNA AB",, onpeaensieT BennunHy q'y = —A8"y B 3aBUCMMOCTU OT
N3MeHeHNs rpagueHTa TemnepaTypbl 6'y Npy A = const, UTO COOTBETCTBYET /n-
HEMNHOMY ypaBHEHMIO TENIONPOBOAHOCTY

0’ =ab"y, a=Acp. (5)

dyHKumsA N,0'y B (4) paBHa M3MEHEHWIO MOTOKA TENJIOThI 'y, KOTOPOE Mpo-
NCXOAMT B pe3ynibTate WU3MEeHeHWs KO3a(huuMeHTa TEennonpoBogHOCTM A’y B
Hanpas/IeHNN X.

B cootBeTcTBMU C BblpakeHusmu (1), (4) n (5) dyHkunm U(X, T) ans npo-
BepKku GanaHca TennoTbl (1) He AO/MKHbI Takke HapywaTs (5). MoaToMy (yHK-
ummn U(X, T) onpegensiem Takum 06pa3om, 4YToObl OHW YL0BETBOPS/IA YpaBHe-
HMIO (5) NPU NMHENHBIX TPaHMYHbLIX YCNOBUAX. Takol Bbl60p (PYHKLMIA COOT-
BETCTBYET PaCCMOTPEHHbIM BblIlle (PU3NYECKUM YCNOBUAM. BanaHune yHKLuun
A8’y COCTOUT B TOM, YTO OHa YUUTbIBAET TOMILKO U3MEHEHUE KOaPduLmeHTa A
npy 3a4aHHOM rpagmeHTe Temnepartypbl 8’ B Touke X. Mpy 3TUX YCNOBMAX 3Ha-
yeHMs rpagueHTa 6’y 1 NPomn3BoAHON 8"y, KOTOpble COOTBETCTBYIOT HeCTaLuo-
HapHOMY Ten0BOMY MOTOKY, ONPefeNstoTCA /IMHEHbIM ypaBHEHUEM Tenso-
nposogHocTK (5). Taknm obpasom, napameTpbl 8’y 1 8", MOXKHO BbIYUCNUTL U3
(5) ¢ nomoLbto yHKLMA U(X, T).

Takoit Bblbop PyHKUMn U(X, T) cnesyeT Takke U3 YCNOBUA €ANHCTBEHHOCTU
pelleHns ypasHeHuWii (1) n (5), koTopas MOXeET paccMaTpuBaTbCs Kak CneacTaue
(hM3NYECKMX YCNOBUIA B faHHOW 3ajade. B COOTBETCTBUMN C €4UHCTBEHHOCTbLIO
PeLLeHN ANA HeCTalMOHapHbIX MOTOKOB TeNI0Thbl (2) (hM3NYECKM He CyLLeCTBY-
eT ApYrux 3HayeHwin rpagueHTa 8’y 1 Npon3BoaHoN 8"y, KOTOpble UMEKT MECTO
B JaHHOM MPOLIeCCe 1 OT/IYAKOTCA OT MX 3HaYeHWid B (4) u (5).

Kak nokasblBatoT pacyeTbl, eCiiv KO3IPMULNEHTbI TENIONPOBOAHOCTA A 13-
BECTHbI, MOXHO TakxXe onpefenntb gpyrue @yHkumm U(X, T), KOTOpble YA0B/e-
TBOPAOT (5) 1 Ja0T BO3MOXHOCTb HainTK npounssegeHne A'8'y. Mpn aTom (hyHK-
ummn U(X, T) Heo6Xxo4uMo BbIOpaTb TakMM 06pa3oM, YTOObl OHU He HapyLlaiu
6anaHc TennoTbl, onpedensieMblin (1), 4TO NO3BOMAET WUCNOMb30BaTb Takue
(DYHKUMW ANS PeLLEHNS 3TOr0 YpaBHEHNS.

Pa3nnyHble (YHKUMKX, KOTOpble YLOBNETBOPSANOT JIMHEMHOMY YpPaBHEHUIO
TennonpoBogHoCTY (5), XOPOLLO M3yUeHbl B MaTeMaTUYeCKOl (n3nke 1 pesynb-
TaTbl, NOlyYEHHbIE MHOTVMW aBTOpamn, 0600LLeHbI [4]. 3TO faeT BOSMOXHOCTb
NOMYyYNTb OYeHb BaXKHbIE peLleHWsi HeIMHENHOro ypaBHeHus (1). B kayecTse
TakMX (PYHKUMIA MOXHO TakXKe WMCMONb30BaThb pas/iNyHble CYLLECTBYHOLLME pe-
LLIEHWNS NINHEHBIX 3a/1au.

Kpome Toro, ¢yHkumm U(X, T) 4acTo NO3BOJSKOT BbIYNUC/IUTL NPUGIKEHNS
CHM3Yy B, 1 cBepxy 0, K pelleHnt0 3agayn. PacuyeTbl NMOKasbiBaloT, YTO Takume
NPUGIMKEHNS TaKXKe Aal0T BO3MOXHOCTb MOSYUUTb HafeXHble pesynbTaTbl U
COKpaTuTb Bpems pacyeta. Ecim npu atom npnbnvxeHns 6, 1 B, coBnagatoT, T0
TemnepaTypa B OkasblBaeTCs OYeHb OIM3KON K 3HAYeHUAM 0,, NOMYYEHHbIM Y3
aHaNMTMYECKOro peLleHus (3).
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B kauvecTBe npuMepa paccuMtaeM HarpeBaHWe HeorpaHW4YeHHOW CTa/lbHOM
NNacTUHbI TONWMHOM 2R npn Temnepatype cpedpbl Ty, U HaYaIbHOW TemnepaTy-
pe MnactuHbl To. 3HaYeHUs KO3@uMLVEHTa TennooTAayunM O Ha MOBEPXHOCTM
MAaCTUHbI NMPY NepeHoce TenoTbl KOHBEKLMEN W U3/TyYeHUEM HaXOAMM U3 CO-
OTHOLLIEHMSA

o =0+ CTn' = THN(Tm - To), (6)

[fie O, — KO3(PULMEHT TeNN00TAauM KoHBeKUMel BT/(M*-K); C, — KoaththrLmeHT
TENNOBOr0 WU3MyueHUs MeX/y MOBEPXHOCTLIO MIaCTUHbI U cpenoit, BT/(M*K?);
Ts — TemnepaTypa NoBepxXHOCTN NNacTuHbI, K.

KoaththuumeHT TennonpoBoLHOCTM A NErvipoBaHHOW CTanu OnpeenseTcs B
3aBMCMMOCTM OT Temnepatypbl T M0 3KCNEPUMEHTaNbHOW opmyne

A =14+ 0,0038(T —273) + 0,72 - 10°(T - 273)%, Bt/(M - K), T>273K. (7)

OTtHocuTenbHyto Temnepatypy 6 = (T — To)/(Tm — To) HAXOAMM C NOMOLLBHO
WHTerpasibHoOro pewlexuns (3). AN BbIMUCIEHNA MPOU3BOAHbLIX 0'; B MHTerpane
(3) npu ManbIx uncnax ®ypee Fo = at/R?% Fo < 0,4 6yaem MCronb3oBaTh Cre-
ayowye yHKLUUK, KOTOPbIe SBMSIOTCA peLleHnsmMy ypaBHeHus (5) npy NnHel-
HOM rpaHuyHom ycnosum a(T, — Ts) = AT'«(R, 1) [2]:

Ua = AnerfcW, — A, exp(W, + W5)erfe(W; + Wa); (8)
W, =(R+h, x)vat; W, =H(R + hyx); H=a/\;
W3=H\/E; hm]_:—l; hm2= 1.

KoaduumeHTbl Ay, 1 A, BbIGMPaKOTCH TakuMm 06pa3om, YToObl PYHKLUMK (8)
YL0BIETBOPSANM ypaBHeHMIO (1), a Takke HayanbHOMY pacrnpefeneHuno Temne-
patypbl T = To. 3HaveHus Ty B pasnvyHble MOMEHTbI BPEMEHM HAaxo4uM, WC-
nosb3ys NpVBeAEHHOE BbILLIE FPaHUYHOE YC/IOBME.

Mpwn Fo > 0,4 ucnonb3yeTcs NocneA0BaTe/lbHOCTb APYTUX PYHKLMIA

Uar = Ancos(h.x/R)exp(-h,2Fo), (9)

KOTOpble SABNAKOTCA pelleHVsaMM ypaBHeHus (5), NPUrofHbIMK Ans 60/bLUnX
3Ha4veHWin BpemeHn [2]. KoathhmumeHTbl A, Haxo4uMm Takum XKe 06pa3oMm, Kak
n ana QyHkumin (8). KoathduumeHTsl h, onpeaensiem 13 rpaHWYHOro YCrioBus
a(Tm — Ts) = AB'«(R, 1) 1 ypasHeHus ctg h, = h,/Bi (Bi = HR) [5]. 3HaueHns Tem-
nepatypbl T(X, T) B HEKOTOPbIX TOUYKaX BbIYUCNAKOTCA C MOMOLLLIO BapuaLMoH-
HbIX (hYHKLMOHaNoB [6, 7].
B T1abn. 1 npeacTaBneHbl HEKOTO-
Tabmual e pesynbTaThl pacueTa HarpeBaHus
X — KoopauHaTa, MM; T — TemnepaTypa, K NAacTuHbl Npy Cneaytownx yCcnoBusx:
X 0 > a 6 8 R =18 mm; Tp = 300 K; T, = 1450 K;
T | 837 | 8875 | 888 | 890 | 892 | T =10 muH; ¢ = 0,5 kOx/(kr - K);
x | 10 [ 12 [ 14 [ 16 | 18 | p = 7800 kr/™*;, a. = 22 BT/(M* - K);
T | 894 | 897 | 901 | 905 | 910 | ¢, =0,95 Bt/(M*-K*). BblumcneHus Bbl-
MO/IHEHBI C NMOMOLLbLIO yHKUMIA (8) 1 (9) NyTeM MHTErpupoBaHWs aHaUTUYe-
CKoro petueHuns (3). Mpyu YMCNEHHOM WHTErPUPOBAHUM PACYeT OKa3blBaeTCH
aHa/IOrMYHbIM BbIYWC/IEHUAM C UCMO/Ib30BAHMEM KOHEUHbIX 3/1EMEHTOB, Y/0-
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BNETBOPSOWMX YypaBHEHMIO (1). YKasaHHble Bbille MPUOAVKEHNSI CHU3Y W
CBEPXY K PELUEHMIO MO3BONSAKT UCK/IOUNTL HEYCTOMYMBOCTL aITOPUTMOB, BO3-
MOXXHYIO MPU UHTErprpoBaHnM BblpaXKeHUs (3) C MOMOLLbH) HEKOTOPbIX KOHEeY-
HbIX 3/1EMEHTOB.

Kak MoKasbIBatOT pacyeTbl, PeLUeHMe HEKOTOPbIX 3afjay C HeNUHeHbIMM
rPaHUYHbIMU YCNIOBMAMU MOXET NOTPe60BaTh MCMOMb30BaHWA CreuuabHbIX
GyHKUMA U = U(X, T), HEOOXOANMbIX A1 BbIMO/HEHUS TPaHUYHBIX U Haya/b-
HbIX YC/MIOBWI MPKW BCEX 3HAYEHMAX X U T B AaHHON 3afade. Hanpumep, aTo nme-
eT MeCTO NpW pacyeTax MPOLECCOB, B KOTOPbIX MPOUCXOAUT U3MEHEHUE (Pr3M-
YECKOro COCTOsHMS BelecTBa. Mpy 3TOM rpaHULa MeXay 30HaMU C Pas/INyHbI-
MW COCTOSIHUSIM MOXET HEMPEPbIBHO MepeMeLLaTbCst (3aTBepAeBaHNE METa/0B
M CNiaBoB, TepMmuyeckas 06paboTKa mMaTepuanos, CONPOBOXAAOLLAACH XUMU-
YECKUMM peakLMsaMMW C MOT/IOWEHNEM UK BbigeNeHeM TennoTbl n gp.). Kak
noKasaHO HWXXe, BblIGop (hyHKUMIA AN TakuX 3afay TpebyeT npoBepku H6anaHca
TEeNnN0Thl MPN HEKOTOPbIX 3HAYEHUAX X U T. MONbITKN pa3fMyHbIX aBTOPOB HaWTH
PeLleHNs ¢ NOMOLLbIO (POPMasIbHOrO BblGOpa MaTeMaTUYECKMX (PYHKLMIA HacTo
OKa3blBatOTCA Ge3ycrneLlHbIMU.

B kauyecTBe npmmepa pacCMOTPVM OAHY M3 M3BECTHbIX 3a4a4y O 3amep3aHnn
Bogonposoga [5]. B atom cnyyae qyHKumm U(X, T) LO/MKHbI YAOBIETBOPSATb
YPaBHEHUIO TENIONPOBOAHOCTM A/11 HEOTPaHUYEHHOIO LMANHAPA

cpO’c = (AB',)'r + AO'\/r (10)

npn BCEX 3HAYEHMAX KOOPAMHATbI I N BPEMEHU T. PacueT BbIMOMHAEM npu
Haya/IbHOM:

1=0, 6=0, 0,=273K (11)
1 TPaHUYHOM YC/IOBMSIX Ha MOBEPXHOCTY LMHAPA pPaguycoM R:
r=R, 68=6, (12)

rae R — BHYTpeHHUIA paguyc Tpy6bl, M; 6, — Temnepatypa 3amep3aHus, K; 65 —
Temnepartypa BHyTpeHHe NoBepxXHOCTH TpyobI, K.

Tennosoi NoToK q;= —A0',(ry, T) Ha rpaHMLE pa3aena mMexay CNoem baa u
XXVAKOCTBIO BbIYMC/SEM U3 YpaBHEHNS GanaHca TennoTbl

NG (ry, )T = pLAE, (13)

rae L — tennota 3amep3aHus Bofbl, [PK/KT; & — TONLWMHbLI CMOS Nbja, M; ry — pa-
AMYC rpaHNYHOl NOBEPXHOCTU, I = R =&, M.

3TO BbIp@XEHWe onpefenseT ysenuyeHue cnoa d& 3a Bpemsa dT v ABNseTCS
FPaHNYHbIM YC/OBMEM C CW/IbHON HENWHEMHOCTbIO Ha MOBEPXHOCTW pasfena
paguycom r, ansa 3agaun (10)...(13).

B cOOTBETCTBMU C (DM3NYECKMMWN YCNOBUAMM 334N KOMIMYECTBO TEMOThI
3amep3aHuns dq; = pLd¢, onpegensiemoe B (13), nepefaeTcs K NOBEPXHOCTU LM-
NVHAPa paguycoM R v He nM3MeHsieT Temnepatypy cnos &. Moatomy yHKUMK
U., KOTOpblE OMpeaenstoT NoToK TennoTbl dg;, MOryT 6bITb BblbpaHbl U3 yCIIo-
Bua 8. = 0 (B = U;). C y4yeToM M3MI0XKEHHOTO rpafueHT Temnepatypbl 8'(ry, 1),
KOTOpbIA COOTBETCTBYET MOTOKY dQ;, BbIYMCASEM C MOMOLLBIO CledyHoLLnX

(DYHKLMIA:
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Ue = 81— (8n — 8)In(r/r)/IN(R/Ty), 8: = (A8, — B)U(R, 1), (14)

roe A — koadduumeHT; U(R, T) — hyHKUMM BPEMEHW, KOTOPbIE ONpeaenstoTcs u3
peLLeHns 3afaun Ha rpaHuue r = R.

B atom cnyyae yHkuum (14) yooBeTBOPAIOT CTauMOHapHOMY YPaBHEHUIO
TennonposogHocTn A(B',)'s + AB',/r = 0, KoTopoe cneayet us ypasHeHus (10) npw
8’ =0.

BennunHy HecTaumMoHapHOro TenI0BOro NoToka, KOTOPbIV Bbi3BaH MOHWKe-
HMEeM TemnepaTypbl CNOs fibfa TOMLLMHOIA &, onpeaensieM ¢ NOMOLLbIO YHKLWA,
yaoBneTBopAtoWmMX ypasHeHuto (10) [4]:

U(R, T) = BoJo(ha(r = r)/R)Wy; W, = exp(-h,Fo), (15)

rae Jo(hor/R) — thyHKUmmM Beccens nepsoro poga; Fo = at/R? — uncno dypoe;
B, 1 h, — KoaghhnUMEHTBI.

YuutblBasa ycnosue (12), 3HaueHuss kosthdmumeHToB h, paBHbl [5]: hy =
= 2,4048; h, = 5,5201; h; = 8,6537; h, = 11,7915; hs = 14,9309.

PelueHue 3agaym onpegensieM Kak cymmy dyHkuuii (14) n (15)

0=U,+AUR, 1), (16)

YTO (PU3NYECKM CnedyeT U3 Cynepno3nLUn pacCMOTPEHHbIX MOTOKOB TEM/OThI.
®yHKUMM 0; B (14) MOTyT 6bITb BbIYMC/EHBI N3 YPaBHEHKS GasaHca TENOTbl Ha
MOBEPXHOCTN eAVHUYHON ANUHBI paguycoM R:

Vep(Bn)'c = 2TRAMNUY) (R, 1); V =1W; W = (R? = 1) (17)

B 3aBUCMMOCTY OT CpeAHeli no o6bemy V Temnepatypbl o5 fbia 6y,. 3HauyeHus
By HaxXo4MM UHTErpupoBaHvieM TemnepaTypbl 6, onpefensieMoin N3 BbIpaXXeHNS
(16) ansa anemeHTa o6bema dv = 2nrzdr (z = 1):

R
0y, =0, +(0, —0,)V " [ 2mrodr . (18)

Ty

Mocne NOACTaHOBKM BblpaeHwuit (14)...(16) B nHTerpan (18) nonyumm

B = 65 + (8, — B)[R? = W/(2In(R/ry)]W™ + ZDy (81 — 8)Wy, (19)

rae Dy = 4Jl[hn(R - I"h)/R)]/hzn Jl(hn)-

Takum 06pazom, npu peweHnn 3agadn (10)...(13) pacnpegeneHve Temnepa-
Typbl B NPOMep3LLER 30He & onucbiBaeTcs hyHKUuaMU (16), yA0BNeTBOPSAIOLLN-
MW ypaBHEHUO TennonpoBogHocTK (10) n He TpebyoLwyMU NPOBEPKK NX NpK-
rOAHOCTH.

Pe3ynbTaTbl pacyeTa rnybuHbl Nnpomep3aHus & ¢ NoMoLLblo yHKuuiA (14) n
(15) npvBoaATCA B Tabn. 2. TN pe3yNbTaTbl NOMYYeHbl NPY CELYHOLMX 3HaYe-
HMAX NapameTpoB: HadaslbHast Temnepatypa 8, = 6y; 6, = 273 K; R = 50 mm;
A=22BT1/(m- K); p=916,8 kr/m®; L = 332,4 KOx/Kr; ¢ = 2,04 kx/(kr - K).
PacyeT BbINOMIHEH C MOMOLLbI0 NUHTErPUPOBAHNSA HEIMHENHOIO ypaBHeHUs 6a-
naHca TennoTel (13) ¢ MCNonb30BaHNEM HEKOTOPbIX KOHEYHbIX 3/1EMEHTOB & —
&i_1 W NIHTEPBA/IOB BPEMEHW T — Tis.
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3BeCTHbI MOMbITKA HaNTy peLue- Tabmmua 2

HUS HenuHeiHol 3agaun  (10)...(13) & — rny6uHa NPOMEP3aHNs, MM;
MNyTeM 3HAYUTENLHOIO YNPOLLEHNS (K- T~ BpeMs, MIH
3uyeckux ycnosuii. Hanmpumep, npu | & | S 10 | 15 | 20 | 25

—

3TOM HEKOTOpbIe aBTOPbI 3apaHee npu- 125 | 475 | 10,23 | 17,39 | 25,87

HUMaIOT, YTO pacrpefeneHne Temnepa-
Typbl B Cnoe nbfa & COOTBETCTBY-
eT CTauMoHapHOMY MOTOKY TenoTbl
[4, 5]. OpHako, KakK NOKa3blBaeT aHa/n3, 3TO pacrpefesieHne Temneparypbl 3Ha-
UMTENIbHO OT/IMYAETCA OT CTAaLMOHAPHOro W LO/HKHO OMpefeNiATbCA TOMbKO C
MOMOLLbIO pacyeToB. POPMY/ibl, NOMYUYEHHbIE NMYTEM YMPOLLEHUA PU3NYECKNX
YC/I0BWI, HE MOTYT NMPUMEHSATLCH KaK aHa/IMTUYECKME PELLEHUs, TaK KaK OHU
TpebyoT 1CNOMb30BaHUSA IKCMEPUMEHTA/IbHBIX KOIPMULMEHTOB [5].

Tak KaK [/11 pacCMOTPEHHbIX Bbllle 3afay [OoKa3aTeNnbCTBa CXOAMMOCTU
UMC/IEHHbIX CXEM K PELUeHW0 He HalifeHbl, KOHeYHO-Pa3HOCTHbIE METO[bl He
MO3BONAKOT MONYYUTL YAOBNETBOPUTENbHBIE pe3ynbTaTbl. Kak MokasbisatoT
pacyeTbl, B 3TON CUTyauun OLLIMOKM, BbI3BaHHbIE BOMBLUMMUN HapyLUeHWsMK Ga-
NaHca TensoTbl, HENPepPbIBHO Hakan vBatoTcs. [103TOMY NP YBEIMYEHUN HIC-
Na LWaroB BbIYUCNEHHbIE pe3y/ibTaTbl 00bIMHO HEM3OEXHO NPUGIMKAIOTCS K pe-
LUEHVAM YPaBHEHWIA TEMIONPOBOAHOCTY C Pas3/IMuHbIMU PUKTUBHBLIMW UCTOYHU-
Kamun Tennotsbl R, cpf’s = (AD'))'s + R,. OTO 0OBACHSAETCH BAUAHUEM YKa3aHHbIX
BblLLIe OLUMOOK, KOTOPbIE MPUBOAAT K 3MEHEHUAM TEMNI0BOr0 MOTOKA TaKUM e
06pa3oM, KakK ¥ PUKTVBHbIE UCTOUHMKU R,.

MN3noxxeHHOe Bblllie MOATBEPXAAET, YTO MPU PeLleHNN HeNvHenHbIX 3agad
TensIoNPOBOAHOCTY aHAIUTUYECKME PELLEHMS NO3BONSAIOT UCK/OUYNTL BOMbLLME
OLLUMOKM, BO3MOXHbIE MPY UCMO/b30BAHUM YMCTIEHHLIX anropuTMOB. [pn 3TOM
UMC/IEHHbIE CXEMbl OKa3blBAKOTCA HEMPUIOAHbIMU A1 pacyYeTOB MPOLIECCOB, KO-
TOpble TPeOYIOT WCMOMb30BaHWUS YPaBHEHWIA C CUIbHON HENMHERHOCTbIO. MHO-
e YNCNEHHbIE a/ITOPUTMbI HacTO MPUBOAAT K 60/bLUMM OLLUMOKaM NpK pacyeTe
6asiaHca TensoThbl, YTO HEM3OEXKHO BbI3bIBAET 3HAUMTENbHbIE HAPYLLEHWS 3aKOHa
COXpaHeHWs 3Heprumn. B Takmx cnyyasx UCK/IOYEHWE UM MAUHUMU3ALNS OLUK-
60K OKa3blBatOTCH BOOOLLIE HEBO3MOXHbIMU.

Hanpnmep, HekoTOpble aBTOPbl MPUAEPXMBAKOTCA MHEHMS, YTO pacyeTbl
MPOLLECCOB 3aTBEPLEeBaHNS METa/II0B C NMOMOLLK YMC/IEHHbIX a/IrOPUTMOB MO-
ryT NPUBOAUTL K BECbMA NPON3BO/IbHBIM PU3NYECKN HELOCTOBEPHbLIM pe3y/bTa-
TaM. TakK Kak CyLLEeCTBYIOLLME YUC/IEHHbIE CXEMbI BOOOLLE HE UMEIOT He0OX0AM-
MbIX (PU3NYECKMX 0BOCHOBaHWI, NX HENb3S UCMOMb30BaTh /19 PacHeTOB Takumx
BaXXHbIX TEXHOMIOrMYeckMx npoueccoB. K coxaneHunto, aBTopbl NMoLO6HbLIX pe-
LUEHWI He UCMONb3YIOT METO/bI, LUIMPOKO NPUMEHSIEMbIE B MaTeMaTUYECKON (u-
3MKe W OCHOBaHHble Ha W3BECTHbIX (PYHAAMEHTa/IbHbIX (DU3NYECKMX 3aKOHaX.
Tak Kak B 3TUX C/lyyadX pacyeTbl BbIMOHAOTCA C WUCMOMb30BaHWEM TPYObIX
NPUBNVKEHNI, 3TO (DAKTUYECKM YacTO MCKIKOYaeT MofesHble pe3ynbTatbl. B
4aCTHOCTW, B MOLOGHbLIX pacyeTax 0ObIYHO HE BbIYUCMAOTCA PACCMOTPEHHbIE
BblLLEe PYHKUMKN A'\B'y, HEOBXO4MMbIE AN1S yYeTa BAUAHUSA NepeMeHHbIX Koahu-
LIMEHTOB TENIONPOBOAHOCTY B Pa3/INYHbIX TOUKaX.

30 35 40 45 50
35,22 | 45,14 | 54,93 | 64,10 | 76,90

— [

72



HekoTopble NPeACTaB/EHHbIE Bbile Pe3y/bTaTbl BbIUMC/IEHbI C MOMOLLBIO
BapUaLIMOHHbIX (PYHKLIMOHANOB, BrEPBbIE MOMYYEHHbIX aBTOPOM 1S PELLEHNS
HEeNMHEWHbIX 3aa4 TennonpoBOAHOCTY [6, 7]. STO AaeT BO3MOXHOCTb 3Hauu-
TENbHO COKPaTUTb 06BEM BbIYMC/IEHWIA MPW pPacyeTax napameTpoB B MPOMEXY-
TOYHbIX TOUYKax. Kpome Toro, Takue QyHKLMOHabI NO3BOMSIOT BbIUNCIUTL HE-
KOTOpble KO3(M(PULMEHTbI, UCMONb3YEMble B MaTEMAaTUYECKUX (YHKLMSAX, TaK
KaK OHV [at0T BO3MOXHOCTb MOYYUTb UKCIO YPABHEHWIA, PABHOE YMCNY HEU3-
BECTHbIX KO3(ULMEHTOB. ITO NPEMMYLLECTBO MOXET OblTb OYEHb BaXKHbLIM
MNP NCNONb30BaHMMN Pa3INYHbIX MHTErpaibHbIX METOAO0B, TakK KaK B TaKuX Cry-
YasX UMC/0 HEM3BECTHbIX KOI(MLIMEHTOB MOXET BO3paCTaTh.

BbiBO/J

PeLleHNs HeNMMHEMHbIX 3aa4 TeMNAONPOBOAHOCTY MOTYT GbiTb MOMYYeHbI C
MOMOLLLbI0 MaTeMaTUYECKUX (DYHKLWIA, YAOBNETBOPSHOLMX YPaBHEHUIO Ten/o-
MPOBOAHOCTU. TMOMbITKM paccumTaTh Takue MPOLECChl C UCMO/b30BaHUEM pas3-
HOCTHbIX CXeM He 06eCneunBatoT CXOAMMOCTU K PELLEHUSIM.
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