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Pedepat. B craThe paccmarpuBaeTcs cMenIaHHas 3aada ¢ OXHOPOJHEIMHI KPAaeBBIMH YCIOBHSIMHI
JUIL OJHOMEPHOTO OJHOPOJHOTO BOJIHOBOTO ypaBHEeHHs. Takas 3amada MOXET BO3HHMKHYTB,
HarpuMep, NpH M3YYSHUH KOJIeOaHWi CHIBI TOKA M HANpPSDKCHHS B MPOBOJHHKE, IO KOTOPOMY
TIPOXOANT IEKTPUUCSCKUH TOK, M JIMHUS CBOOOJHA OT HCKaXXeHHs. Pelenne MOKHO HallTH MeTo-
oM Dypbe B BUIE TPUTOHOMETPHYECKOro psaaa. JlaHHOe MpeACTaBIeHHEe UMEET TOJIBKO TeOPETH-
YeCKHil MHTEepecC, MOCKOJIbKY A PeaJbHOTO BBIYMCICHHS HEOOXOIMMO, BO-TIEPBBIX, HAXOIHUThH
60J1bIIOC YHCIIO KOIP(DHUIMEHTOB-UHTETPAIOB, 4TO caMo Mo cebe — 3aJauya HeTpUBHAIbHAs H, BO-
BTOPBIX, IIPAKTHYECKH HEBO3MOXKHO IIPOBECTH OLICHKY MOTPEIIHOCTH BhluncieHui. [Ipennaraercs
aNIbTEPHATUBHBIN CIIOCO0 pEIIeHNs ITOH 3a/1a4M, OCHOBAHHBIIl Ha HCIIOJIb30BaHUM TPAHCLICH/ICHT-
HbIX (QYHKIHI — HoJMIOrapuMoB, KOTOpbIE HPEACTABISAIOT COOOH KOMIUICKCHBIC CTENCHHbIC
psIbl cleuanbHOro Buaa. TOYHOE pelIeHne 3aJa4i BhIPaXKAaeTCsl Yepe3 MHUMYIO YacThb MOJIMIIO-
rapu(Ma 1epBoro NopsKa Ha eIUHUYHON OKPY)KHOCTH, a IPHOIIKEHHOE — Yepe3 JIeHCTBUTENb-
HYyI0 YacTh Juiorapudma. Kpome Toro, eciu HadaidbHBIE YCIOBHS B 33j1a4e SIBISIFOTCS dJIEMEHTap-
HBIMH (YHKIMSAMH, TO M pEUIEHHE TaKXKe OCYILECTBIIETCS 4Yepe3 dJIeMEHTapHble (QyHKIHH.
Haiinena npocras u BMecte ¢ TeM 3QQeKTHBHAs OLEHKA NOTPEIIHOCTH IPHOIKEHHOTO PEIICHHs
3agaun. OHa HE 3aBHCHUT OT BPEMEHHM W MMeEET IEepBBIH MOPSJOK TOYHOCTH OTHOCHTENBHO Iara
pa30ueHHs1 OTpe3ka YMCIOBOI OCH, Ha KOTOPOM pacCMaTpHBAaeTCs 3ajada. YKa3aHHas OIEHKa
SIBJIITCSl PAaBHOMEPHOIH OTHOCHTENILHO NEPEeMEHHBIX 33a1a4l — KaK [IPOCTPAHCTBEHHOM, Tak U Bpe-
MeHHOH.

KiroueBble ci10Ba: 3yeKTpHYecKHe KoneGaHus, pelIeHHe 3a1au, TPAHCLEHACHTHbIC (QYHKIMH,
OLICHKA MOTPEIIHOCTH, MONUIorapupM
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Approximate Solution of One Problem on Electrical
Oscillations in Wires with the Use of Polylogarithms
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DBelarusian National Technical University (Minsk, Republic of Belarus)

Abstract. The article considers a mixed problem with homogeneous boundary conditions for one-
dimensional homogeneous wave equation. Such a problem can arise, for example, when studying
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oscillations of current and voltage in the conductor through which electric current flows, while the
line is free from distortion. The solution can be found with the use of the Fourier method in the
form of trigonometric series. This representation is of purely theoretical interest, because the real
calculation should be, first, to find a large number of coefficients of the integrals, which in itself
is not a trivial task and, second, it is almost impossible to assess the error of the calculations.
An alternative way of solving this problem based on the use of transcendental functions i. e. poly-
logarithms that represent complex power series of a special kind. The exact solution of the prob-
lem is expressed through the imaginary part of a polylogarithm of the first order on the single
circle and the approximate one — via the real part of the dilogarithm. In addition, if the initial con-
ditions in the problem are elementary functions, then the solution is also computed using elemen-
tary functions. A simple and effective error estimate of the approximate solution has been found.
It does not depend on time and it has the first-order of accuracy regarding the step of a partitioning
segment of the numerical axis on which the problem is considered. This valuation is uniform
with respect to the variables of the problem — both spatial and temporal.

Keywords: electric oscillations, solution of the problem, transcendental functions, error estimate,
polylogarithm

For citation: Lasy P. G., Meleshko I. N. (2017) Approximate Solution of One Problem on Electrical
Oscillations in Wires with the Use of Polylogarithms. Energetika. Proc. CIS Higher Educ. Inst. and
Power Eng. Assoc. 60 (4), 334-340. DOI: 10.21122/1029-7448-2017-60-4-334-340 (in Russian)

Konebanus cuipl TOka M HANIPSDKEHUS TIPH MIPOXOXKACHUH 10 TPOBOAY IJTH-
HO# | > 0 371eKTpHYECcKOro TOKa yI0BICTBOPSIOT TeerpahHOMY YpaBHEHHUIO

0 W = 8,0, W+ 20,0, W + C,W, (1)

rae W=Ww(X,t) — Hem3BecTHas pyHKIus nepeMeHHbIXx 0 < X< lut>0; t>0, ay,

bo, Co — mONOXKUTENBHBIE TOCTOSTHHBIE [ 1-5].
Hpyrue npunoxenus ypasHenus (1) MoxHO Haiitu, Hanpumep, B [6-8]. Ilo-
cie 3aMensl B (1) uckoMoit GpyHKIMHU 1o hopmyiie
_bo,
w=e ®u
MOJIYYHM CIIeAYyIoIIee THHEHHOEe YpaBHEHNE B YACTHBIX MPOU3BOHBIX:

2 2
Ogu=a0,u+Dbu,

2
1 Py —ayCy
rie a=—, b=2Y-_ -
V& a,
B nunuy, cBo60JHOM OT uckaxkenus, b = 0, 1 NpUBENIEHHOE BHILIE BBIPAKE-
HHUE IPUHUMAET BH]I

Ogu=2a’d,u. )

To ectp (2) sABASETCS OMHOMEPHBIM OTHOPOIHBIM BOJHOBBIM YPaBHCHHEM.
Paccmorpum cmemnannyto 3agady juis (2) ¢ 3aJlaHHBIMH HAYajdbHBIMU YCIIO-
BUSIMHU:

u(x,0)=f(x); ou(x,0)=F(x); 0<x<I 3

Y TIOCTOSIHHBIMU KPaeBBIMH yCIOBHAMH, KOTOPBIE ISl yA0OCTBa Oy/eM CUHTATh
OJTHOPOJTHBIMH:
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u(0,t)=u(l,t)=0; t=0. 4)

DTO0 HE ABJISETCS OTPAaHMUYCHHEM OOIHOCTH, TaK Kak B CIlydae HEOJTHOPO/I-
HBIX YCIJIOBUM:

u(0,t)=u,; u(l,t)=u,; t=0,
rae Uy, U, — JeicTBUTENbHbIE YHCIIa, 3aMEHOH HCKOMOH (DyHKIUH

U, —Ug

u=v+ X + U,

MOYKHO CBECTH JAaHHYIO 3a/1a4y K aHaJOTHYHOH OTHOCHUTEIHHO HOBOM HEH3BECT-

HOHM (DYHKIIHH V, HO YK€ C OJHOPOJAHBIMH KPAE€BBIMH YCIIOBHSAMH.
IMpeamnosnoxum, uro yrakius f(X) nuddepennupyema na orpeske [0, 1], a ee

npomsBogHas f'(X) ymoBierBopseT yciosuro Jlummmia ¢ KoHcTaHToi Ly >0,

T. €. U151 M0OBIX (X1, X2) € [0, |] BeImoONHSACTCS HEpaBEHCTBO
| f'0q) - f ,(X2)| < L1|X1 - X2|-

Oynkmio F(X) Ha otpeske [0, |] Oynem npenmonarath KycOUHO-MOHOTOHHOM
U yIoBIETBOpsitowel ycnosuto Jlunmmna ¢ koncrantoit L, > 0. Torma cymecrt-
BYET €IWHCTBEHHO 000O0IIEHHOE pereHne cMermanHon 3agaqun (2)—(4) [1, c. 144],
KOTOpOE MPEJCTABIAETCS PAAOM

u(x,t)="> (a, coskwat + b, sin keat)sin kax, (5)
k=1

rae ® = 7/l, u mpu mo6om HatypamsHOM K:
2| 2 |
a, =—jf(s)sin kosds; b, =—jF(s)sin ks ds. (6)
Iy kna

®opmyma (5) mamompurogHa IS MPUOTMKECHHOTO BBIYUCIICHHS peEIIie-
HUSI, TaK KaKk HEOOXOAMMO HaXxoOUThb KO3 (UIHEHTHI-uHTErpansl (6), Aa U He
CYLIECTBYET OOIIEH OIEHKH MOTPEIIHOCTH. ABTOPHI CTAaThH IMpeJiaraioT doinee
3 PEeKTUBHBIN METO pemIeHUs 3TOH 3a7avd, OCHOBAHHBIH HA WCITONH30BAHUH
nonunorapudmos [9, 10]. B nanpHeiimem OyneM UCHONB30BaTh MHUMYIO YacTh
noJuaorapugma nepBoro Nopsaka Ha eAMHUYHON OKPY>KHOCTH

; =, sin kx
Ni(x)=ImL (™) = , XeR, 7
(X) (e") kZ; " (7)
" TaM XKC I[ef/'ICTBI/ITeJ'H:HyIO 4acCTb I[I/IJ'IOFapI/I(l)Ma
Mz(x):ReLZ(eiX)zch—zkx, xeR. ©)
k=1

[pu x €[—=, ©] oTH nepuonnveckre GyHKIMN 3a1a10TCS BEIPAKCHHUSIMU:
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2
1 (n-X)
NY(x)==(msgn(x) = x); M?(x)=~——"~ | 9
() 2( gn(x) —x) (x) 2 T 9)

l, X#0;
rae sgn(x) = |X| — (byHKIMS 3HAKA.
0,x=0

BBIMOJIHUB B IEPBOM M3 HHTETPAIOB (6) HHTErPUPOBAHHUE 110 YACTAM M YUH-
teiBas, uto f(0) = f(I) = 0, momyurm

|
a, _2 [ £'(s)coskasds.
kn 0

Hcnonp3ys 310 BhIpakeHHe Ui koG GuuneHToB ax u by (6), mocie moncra-
HOBKH UX B (5), HECIIOXKHBIX NMpeoOpa3oBaHUN W, MPUHUMAs BO BHUMaHUE (7),
HalJeM cieyrolee npeICTaBIeHHe Tt HCKOMOH (yHKINN:

|
u(xt) =ij(( £/(s) +1F(s)j(|\|1(m(x-s+ at)) + N*(o(x+s—at))) +
2n 5 a (10)

+(f’(s) —iF(s)j(Nl(m(x—s—at)) + N (o(x+s+ at)))jds

Tenepr BBIMOIHUM TPHOIMKEHHOE BhIuKcieHne GyHkiun U(X, t). PasoOsem
orpesok [0, I] Ha n paBHBIX yacTeit Toukamu X, =kh, k =O,_n (roe h =1/n — mar
pa3dueHust) ¥ 3aMEHUM IO 3HAKOM MHTerpasa B mpaBoil yactu ¢opmyns (10)
Ha K&KIOM M3 YaCTUYHBIX OTPE3KOB [XH, Xk], k=1n oy f'(X) u F(x)
ee 3HAUYCHHUSMH B CpPEJHEH Touke oTpe3ka. B pesynbrare, yuuThiBas, 4To IEpPBO-

o6pasuoii gynkmun N'(X) sBisercs, oueBumHo, GyHKIms — M 2(X), moTydmm:
u(x,t) %Zn: I (( (xk . 2j+ L F(xk . g)j(Nl(w(x—s+at))+ Nl(m(x+s—at)))+
(f’[xk 4 ) (xk 4 2))(N1(m(x—s—at))+ Nl(co(x+s+at)))jds=

) [ Keat +1 F(Xk ) QD(M2(®(X—s+at))—Mz(co(x+s—at)))+

X

+( f '(xk_l +%)—%F(xk_l +%D(M 2(w(x—s—at))—M 2(m(x+s+at)))j

X1

Taxum 00pazoM, MPUOIKEHHBIM pellIcHHEM 3a1auu (2)—(4) siBasiercs QyHKIHS
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LA h
un(Xlt)_ 2 Z(( (Xk -1 )"' F(Xkl +§))X
x(M?(o(x - s +at)) - M?(o(x+s-at)) )+ (11)

X

+(f’(xk_1+gj—;F(xkl SD(M (@(X—s—at))—M (co(x+s+at)))j

X1

Haiinem ouenky momyckaeMoii pH BBIYMCIICHUH pereHus mo gopmyie (11)
MOTPELIHOCTH, TPUHUMAst BO BHUMAaHUE, YTO

o005 ([ 1= (103 ro-r( 23] )

klxk

x(Nl(m(x—s+at))+ Nl(m(x+s—at)))+

+( £/(s) - f’(xk_l +gj—%(F(s) - I:(xk_1 +%mx

x(N*(@(x -5 -at)) + N*(o(x +5 + at))))ds

Torma, yuuTeiBas aummunueBocts Gyrkmmit f'(X) u F(X), a Takxke ToT
(hakr, uto BBUY (9)

\Nl(x)\<§,

MoJIy4ynum

u(xt) =, (, t)|<—z j mf (s)- f (xk . gj %‘F(s)_F(xk_lJr%)Jx
X(|N*(@(x—s -+ at))| +N*(o(x+ s - at)]) +

[f(s)—f(xkl 2) %‘F(S)—F(Xk_lJr%)

([N (o(x—s - at)| +N*(o(x+ s+ at))‘))ds <
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CrenoBatenbHo, paHomepro o X e [0,1] u t>0

Mh_ (12)

u(x,t)—u, (x, 1) < o

[TpoBecHHBIE BBIIIE MCCICIOBAHUS MO3BOJISIOT CHOPMYIIUPOBATE CIICIYIO-
1Iee yTBEepIKICHUE.

Teopema. Ilpu coenannvix viuie NPeOnONONCEHUSX OMHOCUMENLHO QYHK-
yuii T(X) u F(X) mounoe pewenue cmewannoi 3adawu (2)—(4) ors oonopoo-

HO20 B0IHOB020 YPABHEHUS NPEOCMABIACMC s Yepe3 MHUMYIO Yacmb NOIUL02A-
pugma nepsoeo nopsoxa Ha eounuunou okpyscrnocmu (7) no gopmyne (10),
a npubaudiceHHoe peulerie Haxo0umcs yepes3 OeticmeumenbHyo Yacms ounoed-
pugma (8) no (11). Abcomomnas nozpewnocms GbIYUCICHUN OUCHUBACTNCA

no (12), m. e. ona pasnomepua no Xe [0, I], t>0 u umeem nepgulii nopsadox

Manocmu OMmHOCUmMenbHo waea pazouenus N.
IIpumep. Haiitu mpubnmkeHHOE pENICHNE CASAYIOMEeHd CMEIIaHHOM 3a1a4u:
Oxu=40,U;
u(x,0) =shsin2nx; o,u(x,0) =—-4ncos2nxshsin2nx; 0<Xx<1;
u(0,t)=u(@t)=0; t>0.

HenocpenctBeHHOM MPOBEPKOH MBI MOKEM YOEIUTHCS B TOM, YTO TOYHBIM
pEIICHUEM 3TOM 3a/1aun BIseTCs (PyHKIUS

u(x,t) = e SN4meS2Mgh (sin 271x cos 4mt).

Brruucnenne 3HaueHU MPUOTMKEHHOTO peIleHHs JaHHOW 3afaduu 1mo ¢op-
myne (11) B ysnax cetku (X, t;); k, j=0,10 (rme X = 0,1k; t; = 0,1j) nokassr-
BaeT, uTo yxe mpu N = 50 abcomrotHast morpemHocts MeHbine 0,002. ['padukn

TouHOro U(X, 1) ¥ puOIImKeHHOTO Uso(X, t) pelennii qaHHOM 3a1a4u B KBaapa-
te 0 <X, t < 1 npencrasiensl Ha puc. 1.

Uso(X, 1),
107

Puc. 1. Tpadux pemwenuii: a — rounoro U(x, t); b — npubmmxenHoro Usg(X, t)
Fig. 1. The graphs of the decisions: a — exact one u(x, t); b — approximate one usy(X, t)
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BBIBO/I

C IIOMOIIIBIO HOHI/IJ'IOFapI/I(I)MOB HaﬁHCHO TOYHOC U HpI/I6J'II/I)KCHHOC mnpea-

CTaBJICHUS PEIICHUH 3a7a9u 00 DJIEKTPUUCCKUX KOJICOAHWSIX B JIMHWUHU, CBOOOI-
HOW oT uckaxenus. [IpuBenena ahdexkTrBHas paBHOMEpHAs OIICHKA ITOTPEIIHO-
CTH MPUOIMKEHHOTO PEIICHUS.
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